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TIME DIFFERENTIATION OF TENSORS DEFINED ON A SURFAEE MOVING THROUGH A
THREE-DIMENSIONAL EUCLIDEAN SPACE

IU.Z POVSTENKO and IA.S. PODSTRIGACH

The well-known formulas for the derivatives of Eulerian and Lagrangian
basis vectors are used to derive expressions for the derivatives of the
surface, volume and double tensors defined on a surface moving through

an Euclidean space. In the case of a plane moving through space with
constant velocity, the results obtained correspond to the two-dimensional
analogs of the results cobtained in /1/. A relation connecting the derivat-
ives in question with the derivative (§/6) 1is given, and the concept of

the dexivative (§/6t) is introduced for the three-dimensional case.

In /1/ the author developed a theory of the time differentiation of tensors in the three-
dimensional case, based on introducing Euclidean and Lagrangian basis vectors and a polyadic
representation of tensors in these bases. The problem of the time differentiation of tensors
was also considered in /2, 3/ using a general formulation, where a detailed analysis of the
earlier work was also given. 1In /4—6/, in the course of studying wave propagation in con-
tinuous media, the derivative (§/6¢) of the components of three-dimensional vectors defined
on a surface moving through a three-dimensional Euclidean space (at the wave front) was
introduced. The results were generalized in /7/ to the case of surface and dual tensors
defined on a moving surface.

1. The law of motion of the points belonging to a three-dimensional continuum is descri-
bed by the eguations
zi=gl (B, 8 B, 0, Er=1§( 0% 2R (1.1

where gz are the spatial (Eulerian) coordinates, ! are the material (Lagrangian) coordin-
ates and t is the time. The partial derivatives of the radius vector of the points of the
space

ar or
Ei=—7, E?==7Er (1.2)

define, respectively, the fixed Eulerian and moving Lagrangian basis. The tensor T with a
typical distribution of the indices can be represented in invariant form /1/ as

T=T* EE™ = TAYEpEA™ (1.3)

The velocity vector of a particle with material coordinates is given by

or \ i i . i a:“
V=(—§7§=vEf=vAEp,lz= bﬁr

S
S g
M‘— 3 k

az¥ v

The time derivative of the tensor T canbe obtained after establishing the formulas for differ-
entiation of the basis vectors

(1.4)

*prikl.Matem.Mekhan.,47,6,pp.1038-1044,1983



828

OF, oE* OE,
( i :=0' ( ot )x=0' (Tt )E':vmrr,;lkEp (1.5)
E*R BED AP
( )——UI"‘ (‘az‘k>=;ak Ep
/ x
QENk duAk aEp
( A ): =T T Ene, (T )E = Vo \mE A

s Enk
— k
(= );‘_VQVA EN®

The second and fourth formulas of (1.5) were derived in /1/ for the initial instant when the
Lagrangian and Eulerian bases coincide. Using the relation

[ () )= (5]

we can show that the farmulas (1.5) remain valid at any instant of time. The symbol V;* means
that the covariant differentiation is carried out with help of the Christoffel symbols T'pZ.
Thus we arrive at the following expressions for the derivatives of the tensor:

(%);f(aT )E Em (1.6)

T aTAk) Ax 20 ] A pAm
(‘aT):’[( T aa — T T |
5 ar*, '
(%-)5 = [( 6.tm )5 - T?m"qrgp - Tl.‘p”qrrp;nq] E, E"

aThk
(AR, e ] e

ot t

The following relations can be shown to hold:

(= (B v

ok aThk
( ) E.E™ [( 5 ) —-LT{\n'ﬁ] EDENT (1.8)
H

where LTA¥ is a Lie derivative of the components TAF (8]
Tl\k avl\h au

LTAK = v/AP aE';,n —TA? w? +7 A i oAPYATAK — T{)ﬁv’l}v/\k + TAFTAAP (1.9)
Using the notation
M‘.,'?"“ = (aTa'/:"l‘( )e - LThE (1.10)
we can write (l1.8) in the form
(%)x EkE"‘=6—Tg':\£E1£E/‘"' (1.11)

Formulas (1.5) enable us to calculate the derivative of the metric tensor components

i
( - §=v¢ug+vgup (1.12)

whose contraction yields the equation of continuity

<%>a+"v'v=° (1.13)

2. We define the surface moving through the space with help of the following equations:
=2 W, ut 1), & =7 (e 0 1) (2.1)

Here Uu® are the Eulerian surface coordinates and ®% the Lagrangian surface coordinates
connected by the relations
u* = u* (0!, 02 f), of = bW, v, ) 2.2)
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As usually used in the theory of surfaces in three-dimensional space, the latin indices take
the values 1, 2, 3, and the greek indices the values 1, 2 /9/. We note that the introduction
of the Eulerian coordinates to the moving surfaces is not trivial. We shall say that a point
is "fixed" on the surface if its velocity is directed along the normal to the surface /10,
11/. Thus the eguation

or o ;
(3 =vem (&) =vr' (2.3
does in fact define the Eulerian coordinates u® on the surface, while
o) e=oh .'211) — 2.4)
(T)o‘v_v&’ (3‘ oY (

represents the velocity of the particle with material coordinates % . We stress that
{(fr/8t)e and (8v/Bt); are different quantities. From now on we shall always take v as (9t/ft)e.
The velocity of the point in the "two-dimensional" world is given by the partial derivative

(&), = (2.5)

(5),= (), + 3= (5),

8z

and the following relation holds:

=o' + it T =

The partial derivatives

ar A
B = e 8o = 0%

(2.6}

form the local Eulerian and Lagrangian bases on the surface. The surface tensor T with typical
distribution of indices can be written in the form

T = I'%8,88 = I'}{*a, rarp (2.7
The following basic formulas are used in the time differentiation of tensors:
da
aak
(T)u=v(n)bv§av+aﬁv '; n
an \ L7 o o\ __ Vo - B a
(F). == e (5),= (" L )"

u
aa, v
'at_a = (V?va — vmbaf) 8g -+ (V?bw + (“)

i ]

)n

= — (G, — vmhf) 8 + a%f (Uvbay + ("’ ) n

(8&5
),
da, " u/B
(5= 5z _”‘”’bés)a”A+ "
‘ sahB Py ,B) . B0
J— — v Aop 02
( o )u— (Bw" vmby” | 8T+ e g n
N e N (prept 1 P ) gre
<a£ )u—““ PC) alna, (af )m—— (U buv+ pyes )8

at

02{\5 )0 = e (VyADAB e v(n)bl‘ﬂ),m + ahob (vM’b + (n) )

Here aqp and bgg are the components of the first and second quadratlc form of the surface,
and Gjp are two-dimensional Christoffel symbols. The last three formulas of (2.8) were
given in /12/. Using (2.7) and (2.8) we obtain

an, " =
( aa }w = (Vohp 6 v(n)bé\ﬁ) ap’ + (vl\ﬁbég 4 6:)“} ) n

Y i o n n
('iﬂ)u={(“‘a£—ﬂ) — T} bn“v<n)+prs"v<n>}aaaﬁ+ T% ” nab 4 T ;i,v) a0 (2.9)

at Ju

T 6T{\Bc‘ . map [ G0N ope
(—at-)u = [( 7 ) - T~bp ( - U(n)bém) - T(}ta ( b v(")bé‘p) ] aghanh o

‘u P
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The two-dimensional analogs of the formulas (1.7), (1.8), (1.10), (1.1l) (V:is the surface
del coperator) remain valid

———
&[3
L

m.__(_f;_"L)u.‘_v.v;T (2.10)

(25 [, - e
ju @

5?"“1 s aT/\o‘.
3 ) ) [ TAG
—- =~ ), — LT
T 9
( aiB) 8085 = —5- 8q"aP
u
A A At
LT = pho ZT T"‘” T amﬂ = oMV AT i — TPV AoA 4 T7577g 002 (2.11)
(l)

The (6/8t)-derivative cperation on’the surface tensor components was first considered in
/7/. The fourth formula of (2.10) provides the relation connecting the operation of differen-
tiating the tensor components in the Eulerian basis with constant u* , and the (§/6t)~differen-
tiation of the tensor components in the Lagrangian basis. This also clarifies the reason for
choosing the notation (§/8) in (1.10). Thus the concept of (§/8t) ~derivative characterxizes
the variation in the tensor components in both the surface and spatial case. We note that
the (8/61) ~derivative of the tensor components on the surface does not descibe fully the
variation of the tensor with time, since the terms with normal components appearing in (2.9)
are not included in the discussion. The following derivative of the metric tensor components
is of interest:

AY
( "“;tﬁ ) == Vahugh -+ VgAvah — 20mblh (2.12)
S @

Its convolution leads to the equation of continuity at the surface /10/

9p o , @
(Z2), +ouT5v =0, (FE], + pa(Vahor —vtd?) =0 (2.13)

When #m = const, bé\a =0, i.e. when a plane moves through space with constant velocity, the
results of Sect.2 reduce to those of Sect.l, the only difference being that the latin indices
are replaced by greek indices.

3. Let us derive the formulas for the differentiation of three-dimensional vectors
T=T"E, E™ (3.1)

regarded on the surface as functions of (% f) or (% f). The time derivatives of the basis
vectors are

{ OE, aE™
(_T) = vy B (T’f- )u=..u(,.)nvr;:;zz« (3.2)

(ﬁ—f— )m = v T5 Eq {:%E;)m = — pPT e BY

Consequently
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F ark, - 3.3
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Using the relations

ar¥ aTk ar*
. . ;-3 m
(_.,......-)u_.—- ( ) )x -+ Uiyt

ot azP
’ k k k
aT~m ) — ( aT"m ) + P aT'm
9t Je 9 Jax 2P

in place of the formulas (1.3), we obtain

7

(-g—;l;)u = [ ( a?d::),\» + v‘n)n”VpT?m] ExE™ = '6—5?- ExE™ (3.4)

('a(—,—T,)m = [(iti(;t"i)x.—i-vafr?m] ExE™

The first formula of {(3.4) shows that the components of the time derivative of the spatial
tensor for constant y® at the surface, are equal to the (6/81) ~gerivative of the components
of this tensor studied in /7/. Using (2.10) and (3.3), we can write the (3.3) (6/8t) ~deriva-
tive as follows:

67‘{(‘7"
T

aTk x x I e * py_ T (3.5
(-—-—'l)m — BV, + 0PI T — P Dim, VpTim= 2g"Vpl'm -3}

&t

4, Knowing the derivatives (2.8) and (3.2), we can easily differentiate the dual tensors
provided that we write them in invariant form, e.g.

W = W gt B ™= WS, 8o NaARE E™ (4.1)

In describing the dependence of the dual tensor components on a pomt on the surface, two
cases are possible /7/: relations (2.1) are only mpl:.ed, i.e. Wk —f, *, u*, t), W%,,, fa (2,
w8, 1), or ¥ are already eliminated using (2.1}, i.e. W%k, =1, (u“ Y, Wik =4, (m t}. The derivat=~
ives (OW%k./dt): v and (6W°B 'm/0t)x, o, correspond to the first case, and (W55/0t), and (BWSX,/8t),.
to the second case.

Thus we have four different representations of (dW/dl)y and four different representations
of (AW/0t)y. Their derivation is not difficult, but cumbersome, and is therefore not given
here. The relations connecting the differentiation of the dual tensor components on the
Eulerian basis with the (8/8f)~derivative of the components of the same tensor on the Lagrangian
basis is given by the formulas *

awek . W
[(7755), 4 v 5 mstpin = sz
WhRLY ([ aWRLY ,
6? == ( 6:; = ) — LW + vmn VW i (4.3)
W/\a~k aWc‘Gbk
O () — e+

W'\a kv APAR e W‘,}:‘z kvai\v/\p + 0 (WvAc prk W’\“ kroP )

The Lie derivative is given by the first formula of (2.11l) and involves the greek indices only,
the covariant differentiation Vqu’g.km involves the latin indices only and is carried out with
help of the three-dimensional Christoffel symbols, and the covariant derivative V,,PV‘.’E?‘,,, has
the following structure /9/:

-k
WG,

V’VW B-m == £

e WG — WE G0 + 2P W oDy = 24" W 5T om (4.5)
5. The methods developed here can be utilized to study the propagation of waves through

a continuous medium /4, 6, 13/ and a flame front /4/, in the theory of plastic flow and

fracture /6/, to study surface phenomena /10, 11/ 14/, in dynamic problems of the non-linear

* The operation of the (§/6y —derivative (4.3) was introduced in /7/ and the equivalent repre-
sentation (4.4) in the paper by M.A. Grinfel'd. (8/6t)~derivative and its properties. Dep. Vv
VINITI No.l1255-76, Moscow, 1976.
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theory of shells, etc.
As an example, we will give expressions for the surface and normal components (5.1) as well

as the spatial components (5.2) of the acceleration j=(dv.d), of points on a surface moving
through three-dimensional space

" g% / R
V= (T)m + 0P (F6F, — BRv () — vy (”va”"+ el Kie (5.1)
:VAa - (-a—’;:—a)w +jp/\n (V‘{\u/\a_ b"gv(,.))-v(,.) (bg\ﬁv/\v + 0;:5) \, ahad
Iy = ( avd(r”) )m + (vvbw—i- fg%) = (a‘;#\,m ~+ vhe (v’wb{,\a ‘ﬁ—a‘%’z—))
/= (%:i)m _“_."i"pr,itp: (%)x+vpvpvk (5.2)

It was noted in /11l/ that the expressions j*= (#%%d#), given in /10, 14/ do not hold in general,
and the terms are connected with the change in the local basis at the surface. The latter
must be taken into account in the expressions for the components of the acceleration, and (5.1)
take this change into account.
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ON THE SURFACE VISCOSITY AT THE BOUNDARY BETWEEN PHASES’

A.G. BASHKIROV and G.A. KOROL'KOV

The equations of motion of the interphase boundary are considered. It is shown
that the conditions at the surface separating the phases obtained in /1, 2/

by different methods, are identical. The study of the dynamics of the fluid-
fluid interface was initiated by Bussinesq /3/ who postulated a linear
relationship between the surface stress tensor T, and the strain rate

tensor S, , assigning two viscosity coefficients to the surface, the dilatation
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